Consider {(M n , g(t)), 0 ≤ t < T < ∞} as an unnormalized Ricci flow solution:
1
When can Ricci flow be extended?
In (7), R. Hamilton introduces Ricci flow which deforms Riemannian metrics in the direction of the Ricci tensor. One hopes that the Ricci flow will deform any Riemannian metric to some canonical metrics, such as Einstein metrics. One can even understand geometric and topological structure of the underlying differential manifold by this sort of deformation. The idea is best illustrated in (7) where Hamilton proves that in any simply connected 3 manifold without boundary, any Riemannian metric with positive Ricci curvature can be deformed into a positive space form (up to scaling). Consequently, R. Hamilton proves that the underlying manifold is indeed diffeomorphic to S 3 . This fundamental work sparks a great interest of many mathematicians in Ricci flow. In a series of work, R. Hamilton introduces an ambitious program to prove the Poincarè conjecture via Ricci flow (cf. (9) for Hamilton's program and early references in Ricci flow.). The celebrated work of G. Perelman (14) , (15) and (16) indeed proves the Poincarè conjecture which states that every simply connected 3 manifold is S 3 . We refer the readers to (12) , (13) for more information.
After Perelman's work in the Ricci flow, there is a renewed interest in Ricci flow and its application around the world. We will refer readers to the book (4) for more updated references. In this note, we want to concentrate in studying some basic issue on Ricci flow: the maximal existence time of Ricci flow and the geometric conditions that might affect the maximal existence time.
One notes that Ricci flow is a weak Parabolic flow. R. Hamilton first proves that for any smooth initial data, the flow will exist for a short time in (7) . In (6), Hamilton's proof is simplified greatly by a clever choice of gauge. The next immediate question is the so called "maximal existence time" for the Ricci flow (with respect to initial metric). In (9) , Hamilton proves that if T < ∞ is the maximal existence time of a closed Ricci flow solution {(M n , g(t)), 0 ≤ t < T < ∞}, then Riemannian curvature is unbounded as t → T . In other words, a uniform bound for Riemannian curvature on M × [0, T ) is enough to extend Ricci flow over time T . In (18) , by a blowup argument, Sesum shows that Ricci curvature uniformly bounded on M × [0, T ) is enough to extend Ricci flow over T . Sesum's surprising work uses the no local collapsing theorem of Perelman. A natural question arises: what is the optimal condition for the Ricci flow to be extended? In many ways, we believe that the scalar curvature bound shall be enough to extend the flow. In this note, we first prove ( See Definition 2.1 for notations), 
then this flow can be extended over time T .
These two theorems are optimal in some aspects as illustrated by Example 2.1 in the next section. Organization Let's sketch the outline of this note. We first fix some notations in section 2. Then, in section 3, we prove Theorem 1.2 for all n ≥ 2. In section 4, we use no local collapsing theorem and Croke's argument to establish a local Sobolev constant control. Then we use this control to develop a general parabolic Moser iteration under Ricci flow in section 5. Applying Moser iteration to R in section 6, we prove Theorem 1.1 for n ≥ 3.
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Preliminary
Let M n be a connected compact manifold without boundary. (M n , g(t)) is called a closed Ricci flow solution if the metric satisfies the equation:
By direct calculation, we have the evolution equations for curvatures under Ricci flow:
where
The evolution equation of volume element is
For convenience, we define some norm of the space time manifold
Now we are ready to give example to illustrate that Theorem 1.1 is sharp in some aspects.
Example 2.1. Let (S n , g s ) be the space form of constant sectional curvature 1. Now we start Ricci flow from metric (S n , g s ). By direct calculation, g(t) = (1−2(n−1)t)g s is the Ricci flow solution. Therefore, T = 1 2(n−1) is the maximal existence time. However, we compute
Moreover, Ric ≥ 0. This suggests us that Theorem 1.1 cannot be improved to
Hence, 
for every function v ∈ W 1,2 0 (N ) and 0 ≤ t < T . If Ricci is bounded from below, we can control
Proof. Choose an orthonormal basis to diagonalize Ric such that Ric = diag{λ 1 , · · · , λ n }, then
where each term is nonnegative. Therefore,
consequently,
i.e.
From inequality (2), we have
In (14), Perelman proves the fundamental no local collapsing Theorem:
Actually, Perelman has already noticed that the same conclusion still holds if we replace the Riemannian curvature by scalar curvature. That is the next theorem.
The proof of Theorem 2.2 can be found in (12), (19) . We will use Theorem 2.2 to get Sobolev constant control.
3
Proof of Theorem 1.2 for n ≥ 2
Proof. By Hölder's inequality, We argue by contradiction. Suppose T is the maximal existence time. Then there is a sequence (x (i) , t (i) ) with lim i→∞ t (i) = T and lim i→∞ |Rm|
|Rm|(x, t).
By Theorem 2.1, we have uniform lower bound of injectivity radius at points (
Therefore, by the scaling invariance of
The last equality holds since
) is a smooth Riemannian manifold for each t ≤ 0, equality (9) implies that |Rm| ≡ 0 on the parabolic ball Bḡ (0)(x,1) × [−1, 0]. In particular, |Rm|(x, 0) = 0. On the other hand,
So we get a contradiction.
When dimension is 2, Rm = R. Thus Theorem 1.1 and Theorem 1.2 are the same. So we have already proved Theorem 1.1 for n = 2. When n ≥ 3, R and Rm are different. Accordingly we have to develop some new techniques to prove Theorem 1.1. Moser iteration will play a critical role in our proof. In order to apply Moser iteration, we need to get a local Sobolev constant control first.
Local Sobolev Constant Control
In this section, we discuss how to control isoperimetric constant locally. By the equivalence of isoperimetric constant and Sobolev constant, we get the local control for Sobolev constant. The following argument comes from Croke's paper (5). 
For p ∈ ∂N , let N p be the inwardly pointing unit normal vector. Let U + ∂N → ∂N be the bundle of inwardly pointing unit vectors. That is,
Thisω is related to Φ(N ) closely. If we have a control overω, then it's easy to get a control for Φ(N ).
where f is any integrable function. In particular for f ≡ 1, we have
This formula occurs in (1), p.286, and (17), pp.336-338.
Proposition 4.2. Let N n be a Riemannian manifold and u ∈ U N . Then for every l ≤ C(u) (the distance to the cut locus in the direction u):
The proof can be found in Berger's work (2) (Appendix D).
Lemma 4.1. For (N, ∂N, g) we have the isoperimetric inequality:
Proof.
By Hölder inequality,
Put inequality (15) into inequality (14), we get
Note that
Lemma 4.2. M is a complete Riemannian manifold with
Ric ≥ −(n − 1)K 2 . Ω ⋐ N 1 ⊂ N 2 ⊂ M , Ω
is a domain with smooth boundary, and diam(N
Proof. Choose p ∈ Ω. Then (Ω, ∂Ω, g) is a smooth Riemannian manifold with boundary. We look (Ω, ∂Ω, g) as (N, ∂N, g) in our previous argument. Let Figure 1 : the relation among sets where C(u) is the cut radius at direction u.
Since p is an arbitrary point in Ω, we havẽ
p ∈ M , and
Let (1) (p, r(κ) 
Proof. (1) (p, 1) . Calculating the evolution equation for volume:
Similarly, by the condition Ric ≤ (n − 1),
Now we consider the diameter change under Ricci flow. Suppose {γ(s), 0 ≤ s ≤ ρ} is a normalized shortest geodesic contained in N 2 at time t, then
Let D(t) be the diameter of N 2 at time t, we have
hence,
Choose an arbitrary domain Ω ⋐ N 1 with smooth boundary.By inequalities (18) , (19) and (20), from lemma 4.2, we know
2α(n − 1)
Then, from lemma 4.1, we have
Since we can approximate any domain by domains with smooth boundary, we actually get
Accordingly, by the equivalence of isoperimetric constant and Sobolev constant, for any f ∈ W 1,1 0 (N 1 ),
We refer the readers to (20) for a detailed proof for the equivalence of inequality (21) and inequality (22). Let γ > 0, then
n−p , we have
In particular, choose p = 2, let
we obtain
for any f ∈ W 1,2 0 (N 1 ). After we get the local Sobolev constant control, we are able to get some Moser iteration formula under Ricci flow.
5
Moser Iteration of Scalar curvature (n ≥ 3)
We will give a detailed construction of local Moser iteration under Ricci flow in this section. The idea comes from the Moser iteration in (3). Let us fix notation first.
,
Inequality (6) is only Sobolev inequality for time slices. In order to apply Moser iteration on the parabolic domain D, we need a parabolic version of Sobolev inequality.
Property 5.1. Suppose there is a uniform Soblev constant σ for
Proof. By Hölder inequality and inequality (6), we have
Then we start the main Lemmas in this section. 
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Then, for any s ∈ (0, 1],we have
Note that ∂dµ ∂t = −Rdµ, integrating by parts yields
By Schwartz inequality,
Plugging inequality (27) into (26), we get
we have
Therefore,
We can choose Λ(β) = 6β if β ≥ 2. In particular,
The Sobolev inequality (23) on the parabolic domain D yields
n , by interpolation inequality,
where ν = n+2 2q−n−2 . Therefore,
, we get
Since we can always choose Λ(β) ≥ 1, we obtain Figure 3 : the sequence of domains Then we construct cutoff functions and domains. Define
Let γ ∈ C ∞ (R, R), 0 ≤ γ ′ ≤ 2, and
Therefore, 0 ≤ η k ≤ 1, and
Moreover, 
. Therefore,we know
If β ≥ 2,Λ(β) = 6β, by inequality (29), we have
Let λ n+2 n , then
Here k 0 = k 0 (n) is the smallest integer such that λ k0 ≥ 2. If β < 2, since (29) is true, we can still do iteration. Starting from v λ,D1 , in k 0 steps, we can get a control of v λ k 0 ,D k 0 . That is,
Consequently,
Actually, what we get is
From inequality (33), and
Let k → ∞, C a C 7 (n, q, σ, C 0 , r, B), we get
Since u ≥ 0, we have 
Remark 5.1. From our proof, in order inequality (34) to be true, we only need
f q,D k 1 + R − q,D k 1 + 1 ≤ C 0 . Consequently,
inequality (25) is true for the same constant if D is replaced by
Here D 1 is defined by equation (30).
Proof. Let η = η 1 , then we do the calculation as in the proof of lemma 5.1. Instead of κ = h q,D in the previous lemma, we let κ = l · h n+2 2 ,D for some positive number l. We can get a similar inequality as inequality (28),
, choose l = 4σ n n+2 Λ(β) + 1, we obtain
. Therefore, we finish the proof if we choose
Before we use Moser iteration for R, we need some volume control.
Then there exists a constantṼ (n, r) ≥ 1 such that
Proof. Since Ω = B g(1) (p, r), Ric ≤ (n − 1), by the evolution of geodesic length under Ricci flow, we have
On the other hand, Ric ≥ −(n − 1), by volume comparison theorem, we obtain
where α(n − 1) is the area of S n−1 with canonical metric. Hence,
LetṼ (n, r) max{C 10 , 1}, then
Now we can apply Moser iteration to R.
There is a uniform Soblev constant σ for Ω at each time slice. Then there are constants δ(n, σ, r), C(n, σ, r) such that if
Proof. Since Ric ≥ −B, defineR R + nB, we get inequality (7),
If R n+2 2 ,D + B is very small, say,
Now let q = n+2 n n+2 2 > n+2 2 , then from inequality (40), Let C a = C a (n, Therefore we get a contradiction. A natural question is whether the Ricci lower bound condition superfluous in higher dimension. To be conservative, can we substitute the condition Ric ≥ −A by a weaker one?
